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Univariate Bayesian Linear Regression



Prior Distribution

» Bayesian inference requires a prior on the parameters.

» The prior represents your belief before you see the data of
the likely value of the parameters.

» For linear regression, consider a Gaussian prior on the
intercept:
c~N(O,a1)
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Posterior Distribution

» Posterior distribution is found by combining the prior with
the likelihood.

» Posterior distribution is your belief after you see the data of
the likely value of the parameters.

» The posterior is found through Bayes” Rule

p(ylo)p(c)

plcly) = oY)
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Bayes Update

2 p(c) = N (clp, ar)
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Figure : A Gaussian prior combines with a Gaussian likelihood for a
Gaussian posterior.
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Figure : A Gaussian prior combines with a Gaussian likelihood for a

Gaussian posterior.
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Bayes Update

2 p(c) = N (clp, ar)

p(ylm,c, x, ) =N ylmx +c, 02)
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Figure : A Gaussian prior combines with a Gaussian likelihood for a
Gaussian posterior.
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Stages to Derivation of the Posterior

» Multiply likelihood by prior

» they are “exponentiated quadratics”, the answer is always
also an exponentiated quadratic because
exp(a?) exp(b?) = exp(a® + b?).
» Complete the square to get the resulting density in the
form of a Gaussian.

» Recognise the mean and (co)variance of the Gaussian. This
is the estimate of the posterior.
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Main Trick

(c) = ! ex (—ch)
P V2may P 201

SURPETES -
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Main Trick

(c) = ! ex (—ch)
P \V2ma P 204

2 1 2
p(ler C/ mla ) ( 202 Z(yl mxl - C) ]

(2mo?) H

p(ylx, ¢, m,a*)p(c)
p(ylx, m, g2)

p(cly,x, m, 02)
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Main Trick

(c) = ! ex (—LCZ)
P V2may P 201

piybe e, 02) ) (27’(172)2 ( 202 Z(yl mxi = C)Z]

p(ylx, ¢, m, a?)p(c)
fP(ylx ¢, m,o2)p(c)dc

p(cly, x, m, 02)
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Main Trick

(c) = ! ex (—ch)
P \V2ma P 20

1
p(ylx, c,m, 02) = (27_(02)2 ( 202 Z(]/z mx; — C)Z]

p(cly, x, m, 02) o p(ylx, ¢, m, az)p(c)
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1 v 1
log p(cly, x, m, oz) =— 752 Z(yi —c- mxi)2 — EC2 + const

Z(yl ma)’ = (n zm)cz

N CZizl(yi - mxi)l
02

complete the square of the quadratic form to obtain

log p(cly, x, m, 6%) = —=(c — u)* + const,

22

-1 2
2 _ (=2 o -1 _ 2 ¢N
where 74 = (na +aj ) and u =5 ) (yi — mxp).
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The Joint Density

» Really want to know the joint posterior density over the
parameters c and m.

» Could now integrate out over m, but it’s easier to consider
the multivariate case.
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Two Dimensional Gaussian

» Consider height, h/m and weight, w/kg.

» Could sample height from a distribution:
p(h) ~ N (1.7,0.0225)
» And similarly weight:

p(w) ~ N (75, 36)
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Height and Weight Models

p(h)
p(w)

him w/kg

Gaussian distributions for height and weight.
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Sampling Two Dimensional Variables

Marginal Distributions

Joint Distribution
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Independence Assumption

» This assumes height and weight are independent.

p(h, w) = p(h)p(w)

> In reality they are dependent (body mass index) = ;5.
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Independent Gaussians

p(w, h) = p(w)p(h)
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Independent Gaussians
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Independent Gaussians
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Independent Gaussians

1
ply) = 27D
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Correlated Gaussian

Form correlated from original by rotating the data space using
matrix R.

p(y) = exp (—%(y —p)' DNy - y))

2r|DJ2
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Correlated Gaussian

Form correlated from original by rotating the data space using
matrix R.

py) = — T exp (—1(RTy -R"w) D'RTy - RT#))
21 |D|? 2
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Correlated Gaussian

Form correlated from original by rotating the data space using
matrix R.

p(y) = exp (—%(y - RD'R"(y - #))

1
21t |D|2
this gives a covariance matrix:

C!1=RDIR”
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Correlated Gaussian

Form correlated from original by rotating the data space using
matrix R.

ply) = exp (—%(y —wTC iy - P))

1
21 |C|2
this gives a covariance matrix:

C=RDR'
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Multivariate Bayesian Linear Regression



Multivariate Regression Likelihood

» Noise corrupted data point

_ T
Yi=W X;. +6€
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Multivariate Regression Likelihood

» Noise corrupted data point

_ T
Yi=W X;. +6€

» Multivariate regression likelihood:

1
pylX, w) = 2oy | 252 (vi -

( i1
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Multivariate Regression Likelihood

» Noise corrupted data point

_ T
Yi =W X;. +€;

» Multivariate regression likelihood:

1 1 v 2
plyX, w) = anoy 2 OF [‘272 > (vi-wxi) ]

i=1

» Now use a multivariate Gaussian prior:

1 1 4
p(w) = (Zna)g exp (—Zw w)
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Posterior Density

» Once again we want to know the posterior:

p(wly, X) o p(yIX, w)p(w)

» And we can compute by completing the square.
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Posterior Density

» Once again we want to know the posterior:

p(wly, X) o p(yIX, w)p(w)

» And we can compute by completing the square.
1 v 1 v
logp(wly, X) = — 52 Z v+ 2 Z yix.w
i=1 i=1
n

1 1
- Z W' XX W — —W ' W + const.
202 = ; 20

p(wly, X) = N (Wlgt, Co)
Cy = (02X X+ aHtand gy = Cpo X"y
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Bayesian vs Maximum Likelihood

» Note the similarity between posterior mean
Lo = (02X X+a o™Xy
» and Maximum likelihood solution

w=X"X)"'XTy
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Marginal Likelihood is Computed as Normalizer

pwly, X)p(ylX) = p(ylw, X)p(w)
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Marginal Likelihood

» Can compute the marginal likelihood as:

p(ylX, o, 0) = N(yIO, aXX' + GZI)
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Reading

» Section 2.3 of Bishop up to top of pg 85 (multivariate
Gaussians).

» Section 3.3 of Bishop up to 159 (pg 152-159).
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Bayesian Polynomials



Revisit Olympics Data

» Use Bayesian approach on olympics data with
polynomials.

» Choose a prior w ~ N (0, alI) with o = 1.

» Choose noise variance ¢2 = 0.01
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Sampling the Prior

» Always useful to perform a ‘sanity check” and sample from
the prior before observing the data.

» Since y = ®w + € just need to sample
w~N(QO,a)

€~ N(O, 02)
with @ =1 and € = 0.01.
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Polynomial Fits to Olympics Data

55

x 75
5 L
45 | 70 |-
4L % 65 |-
% X X

35 |- T 60 -

3 L XK o 55 L
25 L \ \ \ L
1892 1932 1972 2012 01 2 3 4 5 6

polynomial order

Left: fit to data, Right: marginal log likelihood. Polynomial
order 0, model error 29.757, 62 = 0.286, ¢ = 0.535.
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Polynomial Fits to Olympics Data

. 75 |-
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3 55 |
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1892 1932 1972 2012 012 3 45 6

polynomial order

Left: fit to data, Right: marginal log likelihood. Polynomial
order 1, model error 14.942, 62 = 0.0749, ¢ = 0.274.
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Polynomial Fits to Olympics Data
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Left: fit to data, Right: marginal log likelihood. Polynomial
order 2, model error 9.7206, 02 = 0.0427, ¢ = 0.207.
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Polynomial Fits to Olympics Data

75 |-
5,

45 - 70 -

4 - 65 -

35 60 -

3 55 |

25 Lo
1892 1932 1972 2012 012 3 45 6

polynomial order

Left: fit to data, Right: marginal log likelihood. Polynomial
order 3, model error 10.416, 2 = 0.0402, ¢ = 0.200.
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Polynomial Fits to Olympics Data
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Left: fit to data, Right: marginal log likelihood. Polynomial
order 4, model error 11.34, 62 = 0.0401, ¢ = 0.200.
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Polynomial Fits to Olympics Data
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Left: fit to data, Right: marginal log likelihood. Polynomial
order 5, model error 11.986, 02 = 0.0399, ¢ = 0.200.
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Polynomial Fits to Olympics Data
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Left: fit to data, Right: marginal log likelihood. Polynomial
order 6, model error 12.369, 02 = 0.0384, ¢ = 0.196.
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Model Fit

» Marginal likelihood doesn’t always increase as model
order increases.

» Bayesian model always has 2 parameters, regardless of
how many basis functions (and here we didn’t even fit
them).

» Maximum likelihood model over fits through increasing
number of parameters.

» Revisit maximum likelihood solution with validation set.
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Recall: Validation Set for Maximum Likelihood

55

% 100 +

5+ 80 L

45 + x 60 -
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25 L ! ! ! 40 L
1892 1932 1972 2012 01 2 3 45 6 7

polynomial order

Left: fit to data, Right: model error. Polynomial order 0, training
error -1.8774, validation error -0.13132, 6% = 0.302, ¢ = 0.549.
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Recall: Validation Set for Maximum Likelihood
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polynomial order

Left: fit to data, Right: model error. Polynomial order 1, training
error -15.325, validation error 2.5863, 6% = 0.0733, ¢ = 0.271.
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Recall: Validation Set for Maximum Likelihood
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polynomial order

Left: fit to data, Right: model error. Polynomial order 2, training
error -17.579, validation error -8.4831, % = 0.0578, ¢ = 0.240.
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Recall: Validation Set for Maximum Likelihood
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polynomial order

Left: fit to data, Right: model error. Polynomial order 3, training
error -18.064, validation error 11.27, 6% = 0.0549, ¢ = 0.234.

/7 /ml/tex/talke/have<ianMarathonPolvnomial e 79


../../../ml/tex/talks/bayesianMarathonPolynomials

Recall: Validation Set for Maximum Likelihood
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polynomial order

Left: fit to data, Right: model error. Polynomial order 4, training
error -18.245, validation error 232.92, 6% = 0.0539, ¢ = 0.232.
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Recall: Validation Set for Maximum Likelihood
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Left: fit to data, Right: model error. Polynomial order 5, training
error -20.471, validation error 9898.1, 6% = 0.0426, ¢ = 0.207.
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Recall: Validation Set for Maximum Likelihood
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Left: fit to data, Right: model error. Polynomial order 6, training
error -22.881, validation error 67775, 6% = 0.0331, ¢ = 0.182.
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Validation Set

55
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polynomial order

Left: fit to data, Right: model error. Polynomial order 0, training
error 29.757, validation error -0.29243, 6% = 0.302, ¢ = 0.550.
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Validation Set
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polynomial order

Left: fit to data, Right: model error. Polynomial order 1, training
error 14.942, validation error 4.4027, 6% = 0.0762, ¢ = 0.276.
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Validation Set
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Left: fit to data, Right: model error. Polynomial order 2, training
error 9.7206, validation error -8.6623, 6% = 0.0580, ¢ = 0.241.

/  /  /ml/tex/talke/o0lvmnicMarathonPol vRaveeVal

2()


../../../ml/tex/talks/olympicMarathonPolyBayesVal

Validation Set
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Left: fit to data, Right: model error. Polynomial order 3, training
error 10.416, validation error -6.4726, 6% = 0.0555, ¢ = 0.236.
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Validation Set
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polynomial order

Left: fit to data, Right: model error. Polynomial order 4, training
error 11.34, validation error -8.431, 62 = 0.0555, ¢ = 0.236.
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Validation Set

. 100 |-
5+ 80 L

45 |- 60 |-
il 40 |-

35 - a0 .
3 20 T

25 _40 | | | | | | |

1892 1932 1972 2012 01234567
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Left: fit to data, Right: model error. Polynomial order 5, training
error 11.986, validation error -10.483, % = 0.0551, ¢ = 0.235.
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Validation Set
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Left: fit to data, Right: model error. Polynomial order 6, training
error 12.369, validation error -3.3823, 6% = 0.0537, ¢ = 0.232.
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Regularized Mean

» Validation fit here based on mean solution for w only.

» For Bayesian solution
2y T ¢t 29T
yw:[a D D+a I] oDy
instead of .
w'=[0T®| @7y
» Two are equivalent when a@ — co.

» Equivalent to a prior for w with infinite variance.

» In other cases al reqularizes the system (keeps parameters
smaller).
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Sampling the Posterior

» Now check samples by extracting w from the posterior.
» Now for y = ®w + € need

w~N (yw, Cw)
with C,, = [G‘ZCDTQJ + 04‘11]_1 and gy = Cpo 2@y
e~N (0, 02)

with @« =1 and € = 0.01.

/7 /ml/tex/talke/have<ianMarathonPolvnomial e 29


../../../ml/tex/talks/bayesianMarathonPolynomials

Marginal Likelihood

» The marginal likelihood can also be computed, it has the
form:

1 _
p(ylX, 0%, a) = exp (—EyTK ly)

(2n)? K|?
where K = a®®T + 1.

» So it is a zero mean n-dimensional Gaussian with
covariance matrix K.



Computing the Expected Output

» Given the posterior for the parameters, how can we
compute the expected output at a given location?

» Output of model at location x; is given by
flxi;w) = p/w

» We want the expected output under the posterior density,
p(wly, X, %, a).
» Mean of mapping function will be given by

(f (Xi?W)>p(w|y,x,02,a) = ‘PiT (Wpwly X,0%,)
= ¢ o



Variance of Expected Output

» Variance of model at location x; is given by

var(f(x;w)) = (£ w))2) = (Fxi; w))?
=¢; <wa> Gi— P (W) (W)
= ¢ Cip;

where all these expectations are taken under the posterior
density, p(wly, X, 02, @).



Reading

» Section 3.7-3.8 of Rogers and Girolami (pg 122-133).
» Section 3.4 of Bishop (pg 161-165).
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